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I. INTRODUCTION
This report presents the results of a ray-trace analysis of several
glancing-incidence x-ray optical systems. The present study was carried
out under Contract No. NAS8-32115 by personnel of Montevallo Research
Associates, Montevallo, Alnbuma during; the period Juna 7, 1976 to
:.-gust 13, 1976. Participating in the study wore Dr. J. William
Foreman, Jr. and Mr. Joseph M. Cardone. Only Mr. Cardone's time was
supported by the present contract. Dr. Foreman was supported separately
unL... the NASA/ASEE Summer Faculty Fellowship Program at MSFC. Compu-
/ter time on the Univac 1108 atMSFC was also furnished separately to
Dr. Foreman.
The object of the present study was threefold. First, following
up on earlier work 1, the vignetting characteristics of the S-056 x-ray
telescope were calculated using experimental data to determine mirror
reflectivities. Second, a small Wolter Type I x-ray telescope intended
for possible use in the GOES (Geostationary Operational Environmental
Satellite) program was designed and ray traced. Finally, a ray-trace
program was developed for a Wolter-Schwarzschild x-ray telescope2
which was designed ' by members of Dr. A. B. C. Walker's group at
Stanford University.
I I . VI CSE17I %C C1[ARACTERI STI C:
S-056 X-}WY TELESCOPE
S-056 solar x-ray telescope, a parabol,,io;.l-Ii,,•perboloidal
pe I instrument designed by Mangus and 1'r.dc:'t.,^^^d3, was
art of the Skylab instrument package to oi.tr.in numerous
hs of the sun at various soft x-ray wave:eni • ths. In order to
the resulting, photographic data, it is nt•cessary to k-.,ow how
y throughput of the system varies as a function of ofi-axis
ngle at various x-ray wavelengths. The reduction in energy
throughput with off-axis angle (commonly referred to as vignetting)
occurs for two distinct reasons: (1) Rays entering the snn ,.:lar aperture
of the telescope begin to miss either the paraboloidal or the hyper-
boloidal mirror and are ir.terceptee by the second stop, u,!Aci: is
designed to intercept all rays which do not strike both mirrors. The
i
a	 second stop is also designed to limit the field of view of t..: telescope
to approximately f 20 arc-minutes; (2) Owing to variation o= ,lie glancing
angles of incidence at both mirrors with off-axis angle, t.:Lrc i^ usually
a small decrease in the overall :-,__action efficienC:.' of t':c ;,icscope
with off-axis angle.
In a previous ,tudv l , the vi gnetting characteri:tics	 ^ 5-056
x-ray telescope were calculated using theoretical m:r_or 7.: .c:tivity
data. However, theoretical reflectivity data 	 higher
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cilrrgy throllgi.,nit than exporini ► • tltal refict-tivity data.	 it Wan th4rr4rf,,re
decided to repeat the vignetting calculations using experimental reflec-
tivity data. Since the S-056 mirrors were made from fused silica, it
would be desirable to have experimental reflectivity data over a wide
rah-e of wavelengths for fused silica. However, there is no such data
of which we are aware. Consequently, it was decided in consultation
with cognizant NASA-MSFC personnel to use the data for Pyrex glass
given by Stewardson and Underwood4
 for wavelengths less than 8. 34 A
and to use the data for F-1 glass of Ershov, Brytov, and Lukirskii 5 for
wavelengths of 8. 34 A and larger.
The refiecti.vity for a ray which strikes an x-ray telescope mirror
at a glancing angle 0 is given by the Fresnel equation, 6
Z
R - C	 ^
where
r	
Z	 Z
(1)
(2)
f4
In Eq. (4), c is the critical angle for total external reflection.
The critical angle 0  is given by the relation
1
e	 -	 (2 s) ^t ,	 (S)
where b = I - n and n is the real part of the index of refraction of the
mirror material. For soft x-rays, n is slightly less than unity for
all common materials, so that b is a small positive quantity (typically
on the order of 10 -4 ). In Eq. (3), p l is the linear absorption coefficient
of the mirror n-._.crial and A is the wavelength of the incident x-rays.
Ershov, Brytov and Lukirskii giv 	 alues of µt and 6 for F-1
glass for wavelengths from 8. 34 A to 31. 36 A. These values can be
substituted directly into Eqs. (1) through (5) to get the reflectivity 't
for each given wavelength. Stewardson and Underwood, on the other
hand, give data for Pyrex glass at several wavelengths less than 8. 34 A,
and they state the experimental values of the parameters 6c and y rather
than µl -nd 6. By use of Eqs. (3) and (,' ), one can easily convert the
values of © c and y into the corresponding values of p, and 6:
(6)
R	
--"A
z
=	
e^	 (7)2
-- T—
	--^
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where (lc in Eq. (7) is to be !xpressed in radians. A summary of
the values of µ p and b used at each wavelength is given in Table 1.
The relative energy contribution from each ray which reaches
the focal plane of the telescope is R((i p ) • r,(()H ), where R is the
Fresnel reflectivity function defined in Eq. (1) and Up and (i ll are the
glancing angles of incidence at the paraboloidal and hyperboloidal
mirrors, respectively. The total relative energy reaching the focal
plane at a given wavelength and at a given off-axis angle is the sum
of the products R( 0p ) - R(OH) for all rays which reach the focal plane.
The final results of the vignett,:ig computer runs are summarized
in Table II and plotted in Fig. 1. It will be observed from Fig. 1 that
vignetting is roughly a linear function of off-axis angle out to approxi-
mately 20 arc-minutes. Beyond this off-axis angle, the second stop
begins to --ome into play, and vignetting becomes more severe with
increasing off-axis angle.
At each off-axis angle, 36, 36,, 01 rays were entered in the telescope
aperture. For a variety of reasons, not all of these rays actually
reached the focal plane. 9 The number of rays actually reaching the
focal plane at each off-axis angle is summarized in Table III. Since
each ray entering the aperture is assumed to have an equal relative
energy weight of unity, the data in Table III can be used to calculate
the telescope efficiency for any given case. For example, using
6Tables II and III one finds that the telescope efiiciency for un
off-axis angle of 5. 0 arc-minutes and a wavelength of 31. 36 A is
71 = 17, 1324. 6/24, 859 - 0. 717 = 71. 7%. All efficiencies estimated in
this way are probably somewhat too high, since the ray-trace results
obtained here do not take account of x-ray scattering and absorption
due to mirror surface roughness, imperfect mirror figuring, possible
surface contamination, etc.
7Table I. Values of µ t and b Used at the Various
X-Ray Wavelengths as Parameters
in the Fresnel Reflectivity Equation
(A) b
141
(cm-')
6.16 9.95 x 10 - ' 2. 8 x 10'
6.62 1.17 X10 4 3.3x10'
6.86 1.18X10' 1.3x103
8.34 2.60 X10 -4 5.4X103
9.89 3.70x10-4 7.0x103
12. 25 5. 30 X 10 -4 1.20 x 104
13. 34 6. 30 X 10" 1.40 X 104
14.56 7.30X10-4 1.60X10'
15.97 8.70x10 2.20x104
17.59 9.90x10-4 2.40x104
19.45 11. 50 x 10 -4 3. 10 X 104
21.84 13.60X10' 3.80X104
23. 6,. 11. 50 X 10 -' 2.70 X 104
24.' c 14. 50 X 10' 2. 50 X 104
27.• 18.70x10 -4 3.30x104
31. 3o 24.20X10 ` 3.70X104
TI
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Table 1I. Results of S-056 Vignetting
Computer Runs
	
-Axis Angle	 I	 wavelenbt
	
(arc-minutes)
	
(A)
6. 16
6.62
6.86
8. 34
t	 9.89
12. 25
13. 34
	
0.0	 14. 56
15.97
17. 59
19.45
21.84
23.62
24.78
27.42
31. 36
6. 16
6.62
6.86
8. 34
9.89
12.25
	
5.0	 13. 34
14. 56
15.97
17. 59
19.45
21.84
23. 62
Relative Energy
in Spot
379.0
1434.9
2086.8
1555. 1
17335. 5
16404. 2
16784.6
16956.9
16115.5
16333. 1
15618. 1
15405. 5
15244.9
17920.2
18142. 1
19101. 1
392.8
1332. 5
2089.9
14414.3
16147.4
15293. 5
15052.8
15816. 1
15033. 2
15237.6
14571.6
14374.5
14223. 5
9l	 f
Table 11. (Continued)
Oft-Axis Angle	 Wavviongwi I 	Relative Energy
(arc-minutes)	 11	 ( A)	 in snot
	24. 7K	 16721. 1
	
5.0	 27.42	 16929. 1
	
31. 36	 17824. 6
10.0
16.0
6.16
6.62
6.86
8.34
9. rig
12.25
13. 34
14.56
15. 97
17. 59
19.45
21.84
23. 62
24.78
27.42
31. 36
6. 16
6.62
6.86
8. 34
9.89
12. 25
13. 34
14. 56
15.97
17. 59
19.45
42h.9
1121.7
166 3. 3
13263. 0
15051.2
14294.6
14644.2
14804.8
14076. 5
14272. 1
13651. 1
13469. 5
13324. 6
15671.2
15869. 2
16711.1
383. 5
867. 1
1225. 1
11649.5
13674. 1
13067. 5
1 341 3. 5
1 3575. 7
12916.4
13103. 7
12538.4
^	 ^	 A
Table II. ( Continued)
Odri -Axib Angie Wavelength Relative Energy
(arc-minutes) (AI in Spot
r
I21.84 12377.3
23.62 12237.9
16.0 24. 78 144 06. 5
27.42 14594.4
31	 36 15373	 5
6. 16 329. 2
6.62 720. 3
6.86 1002.6
8. 34 10126.9
9.89 12332. 0
12.25 11851'.1
13.34 12184.8
14.56 12343.220.0
15.97 11749.8 
17.59 11925.9
19.45 11414.9
21.84 11272.2
?.3.62 11140.8
24.78 13125.0
27.42 13300.2
31. 36 14013.8
6.16 218.3
6.62 500.7
6.86 708.3
8.34 6784.725.0
9.89 8112.0
12.25 7772.6
13.34
 7981. 6
14.56 8084.6
i
!	 I
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Table 11. (Coo( luded)
	
Off-Axis Angle	 %%',AvVI('Ilg t11 	 Relc.tivc Energy
	
(at.-n^inutre► )	 (A1	 l	 in :i;)(,t
! I	 15. 97 7693. c,
17. 59 7806.6
19. 45 7470. 9
21.84 7376.025.0
23. 67. 7291. 5
24. 715 I	 8587. 6
27.42 8700.8
31.36 916-6.7
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FIGURE 1. NORMALIZED RELATIVE ENERGY IN SPOT AS A FUNCTION
OF WAVELENGTH FOR VARIOUS OFF—AXIS ANGLES.
Table III. Number of Rays Actually Reaching the
Focal Plane at Each Off-Axis Angle
Off-Axis Angle
(arc-minutes)
No. of Rays Reaching
Focal Plane
0.0 26,640
5.0 24, K	 =^
10.0 23, 311
16.0 21,457
20.0 19,569
25.0 12,800
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III. D1.SIGN OF A WOLTER TYPE I X-ItAY TELESCOPE
FOR THE GOES PROG1tAM
It is tentatively planned to place an x-ray imaging system
aboard a satel ► ite in the GOES program to observe x-ray activity
on the sun and correlate such activity with global weather patterns
and communications disturbances. The following data were furnished
as basic design inputs for the proposed GOES x-ray imaging system:
(1) The imaging system will be a Wolter Type I
paraboloidal-hyperboloidal x-ray telescope.
(2) The maximum glancing angle of incidence on the
paraboloidal mirror will be 83 arc-minutes (this
corresponds to a short wavelength cutoff of approxi-
mately 6. 15 A for a gold-coated mirror).
(3) The entire telescope asst- mbly must fit in a
package approximately 30 inches tong.
Using these inputs, we chose the maximum glancing angle of incidence
on the parai-)oloid, bmax' to be 83 arc-minutes and the baseline
focal length of the system, fbaseline' to be 25.0 inches. We also
chose to make the length of the paraboloidal rrdrrar, Lp, equal to
2. 0 inches, aiming toward a paraboloidal collecting area of roughly
4. 0 cm.
The basic design equations for a Wolter Type I x-ray telescope,
rewritten slightly from the for-ns given in Reference 3, are:
E	
	 `
i
1
I
1	 _
IJ
s
Equation of p-.aboloidal mirror:	 ^	 z 
1 
^2^ + l ^	 (8)
s	 Z
Equation of hyperboloidal mirror:	
_ !	 (9)
x+ L
a + b^ s c'"
SPM^N	 BASeLtiNE +ar (4 0MAx^	 (10)
1	 ^PMIN +Ah 8 MA)(,	 (11)
L
'^	 = C  MIN^P	 -- b^} 2	 (12)
	
^M1 N 	 l / p
	
^ Ph1Ax	 -BPM%fd + L T
	
(13)
1
PMAX	 -	
1 Cz-2TtA ,x + p	 (14)
C.
	 BASELINE / 2 COS ( 4- AMAX)	 (15)
a,	 = G	 2 COS \28MAX)
	
(16)
l Z I,Z	 (17)
LL
T ir
IS116 	 1
I.,
	
z	 z
Collecting area of paraboloid = A Y = 'it'	
'PPMPX
	
^P''"t'^1	 (o)
	
Z	 t
Collecting; area of hyperboloid = Aµ 	
4
	 i•`'^
PMIN	 ,
The geometrical meanings of the various terms are surnmarized
in Fig. 2. Use of the input parameters 0max 83 arc-minutes,
(baseline 25.0 inches, and LP = 2.0 inches in Eqs. (10) through
(20) produces the following results:
P	 = 0. 0584851950 in.
1	 1 Z. 52")"2425 1)75 in.
b	 = 0.8570224335 in.
C	 = 12. 5585193203 in.
P	 =Amin	 Z.4219062894 in.
Z	 = 50. 1170386406  in.pmir.
2	 = 52. 1170386406 in.pmax
p	 = 2.4697309276 in.Amax
Z	 = 25. 1 1703 56406 in.focus
A P 0. 735 in 2 = 4. 74 cm 
A =	 1. 99 in? = 12.84 cm4
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the hyperbuluidal mirror in the XL-plane are determined by requiring
that the hyperboloid be just long enough to catch all on-axis rays
incident on the paraboloidal mirror. If this is the case, then an
incident ray parallel to Cie optical axis and stri;<ing the paraboloid
at 1P Amax' Amaxz	 ) will, afLer r flection from the paraboloid, strike
the hyperboloid at 
P
hmin' Zhminj. A straightforward application of
analytic geometry to this situation gives the result
-a	 I L- e * ( ^^- L^ C4 ^/	 1
where
L
- 0. +ar Z 6	 (22)
z
3 = — 2 ^ G	 (23)
^ = b	 ( 2'+)
ll -^	 pB = TA1^ ( ^/ J Y MAX	 (25)
The value of Phmin can then be determined from the relation
PNMIN
	
a-kMItN I AY1 26 -	 (26)
OF pWp.
O	 QUALITYF
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The values of Z hmin and Phtnin found for the GOES telescope from
Eqs. (21) and (26) are
Zhmin 48.2690250035 in.
ahn,in = 2.287380t)150 in.
The length of the hyperboloidal mirror, LH, is thus
L'H - z  tnin - Z hmin = 1. 848 in.
The results of a ray-trace program to compute the rms spot
radius in the focal plane as a function of off-axis angle are summarized
in Table IV and Fig. 3. The effective focal length of the telescope
is 25. 18 inches, and the plate scale in the focal plane is 3. 10 microns/
arc-second.
As a check on our ray-trace results, we have used the empirical
formula developed by •VanSpeybroeck and Chase  for the rms spot
radius in the focal plane as a function of off-axis angle. The
empirical results are plotted in Fig. 3 for comparison with our exact
ray-trace results. There is reasonably good agreement between the
two.
We have also determined the field curvature at the paraboloid-
hypk- L-1,oioid focus, urine; a ray-tracer p'. 0grat» which autonuitically
locates the plane of best focus for any given off-axis angle. The
plane of best focus is defined to be the plane in which the rms spot
Table IV. hoot-Mean-Square Spot Radius
in the Focal Plane of the GOES Telescope
as a Function of Off-Axis Angle
Off-Axis Angle	 RMS Spot Radius
_Sr.rc-minutes	 (arc-seconds)
	
0.0	 0.00
	
2.0	 0.32
	
4.0	 0.79
	
6.0	 1.49
	8.0	 2.43
	
10.0	 3.62
	
12.0	 5.05
6.67
8. 54
10.73
13. 06
2(j
14.0
13.0
12.0
11.0
.J
10.0
chi 8.0
KiH
X 8.0
7.0
CC
a
1	 r- 6.0
O
5.0
4.0
3.0
2.0
1.0
0.0
11
T
1	
I	 I
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0	 2	 4	 6	 8	 10	 12	 14	 16	 18	 20
OFF—AXIS ANGLE (ARC—MIN.)
Figure 3. Root-mean-square spot radius in the flat focal
plane of the GOES x-ray telescope as a function
of off -axis angle.
Iradius is a minimum. Table V and Fig. 4 sums,.._ -ize t he field
curv"turc results. The empirical formula 6 for L	 - Zbeat focus	 fc,cal '.)lanc
► von by VanSpeybroeck and Chase has also been used to cal( ulate
tii.• field curvaturt' us a check un uur ray-trace rc ►nults. Tfic
empirical rt-sults are plotted in Fig. 4 and show good agreement with
the ray-trace results.
The rms spot radius in the surface of best focus as a function
of off-axis angle is given in Table VI. Comparison of the results in
Table VI with those in Table IV shows that the spot size in the surface
of best focus is considerably smaller than the spot size in the flat
focal plane at any fixed off -axis angle, as one would expect. The
two spot sizes are compared graphically in Fig. 5.
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Table V. Field Curvature Results at the
Paraboloid-Hyperboloid Focus of the
GOES Telescope
Off-Axis Angle
(arc-minutes)
- L
Beat Focus	 Focal Plane
(millimeters)
0.0 0. 0000
2.0 0.0038
4.0 0.0152
6.0 0.0341
8.0 0.0602
10.0 0.0939
12.0 I	 0. 1 347
14.0 0.1810
16.0 0.2346
18.0 0.2988
20.0 0. 3662
SOLID CURVE: RAY--TRACE RESULTS
0.4	 POINTS Q 1 EMPERICAL RESULTS(VANSPEVBROECK A CHASE)
0.3
0.2
0.1
2	 4	 6	 8	 10	 12	 14	 16	 18	 20
OFF-AXIS ANGLE (ARC-MINUTES)
FlrURE 4. CURVATURE OF FIELD DATA AT THE PARABOLOID-HYPERBOLOID FOCUS.
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Table VI. Root-Mean-Square Spot Radius in the
Surface of Best Focus of the GOES Telescope
as a Function of Off-Axis Angle
V12-Axis Angle
(arc-minutes)
liMb Jput ltaci ► us	
i(arc-seconds)
0.0 0.00
2.0
i
0.29
4.0 0.63
6.0 1.03
8.0 1.51
10.0 2.08
12.0 2.73
14.0 3.45
16.0 4.28
18.0 5.15
20.0 6.15
2:
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0	 2	 4	 6	 8	 10	 12	 14	 16	 18	 20
OFF—AXIS ANGLE (arc—minut3s)
FIGURE 5. COMPARISON OF THE SPOT SIZES IN THE FLAT FOCAL Pt
THE SURFACE OF BEST FOCUS FOR THE GOES TE! ESCOP
Y
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Ili. RAY-TRACE ANALYSTS OF A WOLTER- SC+* 3CHILD
X-RO, •+' TELESCOPE
The Wolter Type I paraboloid-hyperboloid x-ray telescope, which has
found such widespread use in x-rnv a: , !ronomy up to the present tine, is
fully corrected for spherical aberration but only approximately corrected
for coma. It is possible to desi gn an &spheric-aspheric x-ray telescope
which is completely corrected for both spherical aberration and costa.
An aplanatic x-ray telescope of this type is called a Wolter-gchwarsschild
x-ray telescope 2. A nested array of three Wolter-Schwarsschild (W-S)
telescopes has been designed by members of Dr. A. B. C. Walker's group at
Stanford University. Our task was to develop a ray-trace program for this
system.
Physically, a W-S x-ray telescope resembles a standard Wolter Type I
telescope. However, in the W-S telescope the two mirror surfaces are
general aspherics, rather than conic sections as in the Wolter Type I
telescope. The equations for the mirror surfaces in the W-S telescope
are expressed parametrically in terms of an angle
MIRROR # 1: (Analog of the parab; aid in the Wolter Type I system)
%, = ; si^ P	 (27)
-^:_;^P	 ; Cos	 /z.)	
` — A] , (28)
where
'L
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Q  • ; 41"M"1 ( 1 /_)	 (30)
	# 	 (31)i
coo
e par  &tars Zoo	 ,	 , and f are defined in Fig. 6. It will be
awrvcd , fron Fig. 6 that Zo is the baseline focal length of the systm,
i
d that
l	
• +AM1	 X,!,. (32)1
«r ere X.jiis the radius at the intersection of the two mirrors.
4f IRROR #'2: (Analog of th , hyperboloid in the Wolter Type I system)I	 '
L s	 sir	 '	 (33)
2e
a L . k caf 
f 
9	 (34)
where
1	
V% ( f /Z)	 COS
X
,L	
j . (35)
 1 -us
1
	A1+J. L	 ^	 J
For the ot , termost set of W-S mirrors in the Stanford telescope,
Zo lb 503.0 !:aches and X. - 7.0 inches.
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The length L L of Mirror # 1 ( wee Fib;. 6) was specified by the Stanford
group t o ►►e !0.5 inches, makinr Zl,,,ax = 60.5 inches. The first yob was to
determine the corresponding value of 	 max. For this purpose, an iterative
computer program was set up to " nd the value of 
1 
corresponding to the
value Z1 i Zlmax = 60.5 inches	 The result was	 .
m^-
= 8.3753315183
0
.
Incidentally, the m::.imum v-i , of P is
= 7.9696103933°.
Putting	
_	
max in Eqs (2) ) v (33), and ( 34) gives
i
'	
Xlmax = 7.35388002 inches
X2min
	
6.04112390 inches
I	 1
Z2min	 41.37225999 inches.
I	 -. 3i	 (	 .
r.
I^
i
E
t
i
The leng h of Mirror # 2 is thus
L2 
= 
Zo -
 Z2min = 8.62774001 inches.
I	 In order to ray trace ..e outermost set of W-S mirrors, we attempted
t.o l fit Mirrors # 1 and # 2 with cubic spline functions 
10 in the usual way.
liolfever, iit turns out that Mirror # 1 has a horizontal tangent at the point
ofi ii.teri ecti . )n with Mirror # 2, and this causes a singularity in the
agine function fit at that point. We then had to back up and attempt a
ip{tine fino l- ion fit which leaves out an infinitesimal region of both
niicrur^ rear their intersection point. Owing to extremely long turn-
cr.)und tunes on the Univac 1108, we were just able to get a ray-trace
i
prl')gr. am tared on this lim ! te d spline function fit completed before our
time ran ut on the present contract. The results of this ray-trace
Fr)gr.am sYe summarized in Table VU. More work is needed to get a better
epLie ftinctiort fit for the ius.tr;1 (especially Mirror # 1) and to double
check the results in Table VII. it is ale;" necessary, of course, to
romptCte L,c . ray trace for the other two sets of nested mirrors. Unfor-
unately, we were not able to complete this work under the present con-
ract,	 j
I
GORIC'AI+ pU OAi.I'iY
01
,
	
Q
Off-Axis Angle
(arc-minutes)
0.0
2.0
4.0
6.0
8.0
10.0
12.0
114.0
16.0
18.0
20.0
RMS Spot Radius
(arc-seconds)
0.033
0.311
1.075
2.309
4.013
6.221
8.829
11.861
15.421
7
19.305
23.852
0
Table VII. Root-Meju-Square Spot Radius
in the Fcc•nl Plane of the
Wolter-S r.11warzschild X-Ray
Telescope (Outer Mirror Set)
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